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Abstract. We establish learning rates to the Bayes risk for support vec-
tor machines (SVMs) using a regularization sequence A\, = n~%, where
a € (0,1) is arbitrary. Under a noise condition recently proposed by Tsy-
bakov these rates can become faster than n~'/2. In order to deal with the
approximation error we present a general concept called the approxima-
tion error function which describes how well the infinite sample versions
of the considered SVMs approximate the data-generating distribution.
In addition we discuss in some detail the relation between the “classical”
approximation error and the approximation error function. Finally, for
distributions satisfying a geometric noise assumption we establish some
learning rates when the used RKHS is a Sobolev space.

1 Introduction

The goal in binary classification is to predict labels y € Y := {—1,1} of unseen
data points z € X using a training set 7' = ((z1,1), ..., (Tn,yn)) € (X X Y)".
As usual we assume that both the training samples (x;,y;) and the new sample
(z,y) are i.i.d. drawn from an unknown distribution P on X x Y. Now given a
classifier C that assigns to every T a function f7 : X — R the prediction of C for
y is sign fr(x), where we choose a fixed definition of sign(0) € {—1,1}. In order
to “learn” from 7T the decision function fr : X — R should guarantee a small
probability for the misclassification, i.e. sign fr(z) # y, of the example (z,y).
To make this precise the risk of a measurable function f : X — R is defined by

Re(f) = P({(z,y) :sign f(z) # y}),

and the smallest achievable risk Rp := inf{Rp(f) | f: X — R measurable}
is known as the Bayes risk of P. A function fp attaining this risk is called a
Bayes decision function. Obviously, a good classifier should produce decision
functions whose risks are close to the Bayes risk with high probability. To make
this precise, we say that a classifier is universally consistent if

EreprRp(fr) —Rp — 0 for n — oo. (1)

Unfortunately, it is well known that no classifier can guarantee a convergence
rate in ([Il) that simultaneously holds for all distributions (see [IFThm. 7.2]).
However, if one restricts considerations to suitable smaller classes of distributions
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such rates exist for various classifiers (see e.g. [2,BL[I]). One interesting feature of
these rates is that they are not faster than n=/2 if the considered distributions
P are allowed to be noisy in the sense of Rp > 0. On the other hand, if one
restricts considerations to noise-free distributions P in the sense of Rp = 0 then
some empirical risk minimization (ERM) methods can actually learn with rate
n~! (see e.g. [1]). Remarkably, it was only recently discovered (see [41[5]) that
there also exists classes of noisy distributions which can be learned with rates
between n~1/2 and n~'. The key property of these classes is that their noise
level x — 1/2—|n(xz) —1/2| with n(x) := P(y = 1|z) is well-behaved in the sense
of the following definition.

Definition 1. A distribution P on X x Y has Tsybakov noise exponent g €
[0, 00], if there exists a C > 0 such that for all sufficiently small t > 0 we have

Px({z e X :|2n(x) -1 <t}) < C-¢2. (2)

Obviously, all distributions have at least noise exponent 0. At the other ex-
treme, (2)) is satisfied for ¢ = oo if and only if the conditional probability 7 is
bounded away from the critical level 1/2. In particular this shows that noise-free
distributions have exponent ¢ = co.

The aim of this work is to establish learning rates for support vector machines
(SVMs) under Tsybakov’s noise assumption which are comparable to the rates
of [4[5]). Therefore let us now recall these classification algorithms: let X be
a compact metric space and H be a RKHS over X with continuous kernel k.
Furthermore, let I : Y xR — [0, c0) be the hinge loss which is defined by I(y, t) :=
max{0,1 — yt}. Then given a training set T € (X x Y)" and a regularization
parameter A > 0 SVMs solve the optimization problems

L _ 1 —
(fra,bra) = argﬁlgAllfII% +- > Uy, flai) + b)), (3)
bER i=1
or
1 n
= in || F1% 4+ =) Uy, f(z2)), 4
fr. = arg min ||f||H+n; (vi: £ () (4)

respectively. Furthermore, in order to control the size of the offset we always
choose by » := y* if all samples of T have label y*. As usual we call algorithms
solving @) L1-SVMs with offset and algorithms solving @) L1-SVMs without
offset. For more information on these methods we refer to [6].

The rest of this work is organized as follows: In Section 2] we first introduce
two concepts which describe the richness of RKHSs. We then present our main
result and discuss it. The following sections are devoted to the proof of this result:
In Section B we recall some results from [7] which are used for the analysis of
the estimation error, and in Section [] we then prove our main result. Finally,
the relation between the approximation error and infinite sample SVMs which
is of its own interest is discussed in the appendix.
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2 Definitions and Results

For the formulation of our results we need two notions which deal with the
richness of RKHSs. While the first notion is a complexity measure in terms of
covering numbers which is used to bound the estimation error, the second one
describes the approximation properties of RKHSs with respect to distributions.

In order to introduce the complexity measure let us recall that for a Banach
space E with closed unit ball Bg, the covering numbers of A C E are defined by

N(A e, E) = min{n >1:3z1,...,2, € E with A C U(zi+5BE)}, e > 0.

i=1

Given a training set T = ((z1,y1) .- -, (Tn,Yn)) € (X X Y)™ we denote the space
of all equivalence classes of functions f: X x Y — R equipped with norm

2

1 £l Loy = (%Z‘f(xi,yi)f) (5)

by Lo(T). In other words, Ly(T) is a Lo-space with respect to the empirical
measure of T'. Note, that for a function f : X xY — R a canonical representative
in Ly(T') is the restriction fj. Furthermore, we write Ly(Tx ) for the space of all
(equivalence classes of) square integrable functions with respect to the empirical
measure of z1,...,x,. Now our complexity measure is:

Definition 2. Let H be a RKHS over X and By its closed unit ball. We say
that H has complexity exponent 0 < p < 2 if there exists a constant ¢ > 0 such

that for all € > 0 we have

sup log N (Bp,e, La(Tx)) < ce®.
TxeXn

By using the theory of absolutely 2-summing operators one can show that
every RKHS has complexity exponent p = 2. However, for meaningful rates we
need complexity exponents which are strictly smaller than 2.

In order to introduce the second notion describing the approximation prop-
erties of RKHSs we first have to recall the infinite sample versions of (3] and (@).
To this end let I be the hinge loss function and P be a distribution on X x Y.
Then for f: X — R the I-risk of f is defined by Ry p(f) := E@y)~pl(y, f()).
Now given a RKHS H over X and A > 0 we define

(Fabpa) i= axgmin (M1 +Rup(f +0) (6)
beR
and
fp.x = arg min (Allfll?q + Rz,P(f)) (7)

(see [§] for the existence of these minimizers). Note that these definitions give
the solutions (fr x,br ) and fr x of @) and (), respectively, if P is an empirical
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distribution with respect to a training set T'. In this case we write Ry r(f) for
the (empirical) I-risk.
With these notations in mind we define the approzimation error function by

a(\) = Mfealld + Rip(fea) —Rip, A>0, (8)

where Ry p := inf{R; p(f) | f : X — R} denotes the smallest possible {-risk.
Note that since the obvious variant of a(.) that involves an offset is not greater
than the above approximation error function, we restrict our attention to the
latter. Furthermore, we discuss the relationship between a(.) and the standard
approximation error in the appendix.

The approximation error function quantifies how well an infinite sample L1-
SVM with RKHS H approximates the minimal [-risk. It was shown in [8] that
if H is dense in the space of continuous functions C'(X) then for all P we have
a(A) — 0 if A — 0. However, in non-trivial situations no rate of convergence
which uniformly holds for all distributions P is possible. The following definition
characterizes distributions which guarantee certain polynomial rates:

Definition 3. Let H be a RKHS over X and P be a probability measure on
X xY. We say that H approximates P with exponent 0 < 3 < 1 if there exists
a constant C > 0 such that for all X\ > 0 we have

a(\) < CN°.

Note, that H approximates every distribution P with exponent 8 = 0. We
will see in the appendix that the other extremal case § = 1 is equivalent to the
fact that the minimal [-risk can be achieved by an element f; p € H.

With the help of the above notations we can now formulate our main result.

Theorem 1. Let H be a RKHS of a continuous kernel on a compact metric
space X with complexity exponent 0 < p < 2, and let P be a probability measure
on X xY with Tsybakov noise exponent 0 < q < co. Furthermore, assume that
H approximates P with exponent 0 < § < 1. We define A, :== n~=% for some

a€(0,1) and alln > 1. Ifa < % then there exists a C > 0 with

Pr* (T € (X xY)": Rp(frar,) < Rp + Cx%—aﬂ) > 1@

for allm > 1 and x > 1. Here Pr* is the outer probability of P™ in order to
avoid measurability considerations. Furthermore, if o > % then for
all € > 0 there is a C > 0 such that for all z > 1, n > 1 we have

4(g+1)

Pr* (T € (X xY)": Rp(frn,) < Rp + Ca?n” Tatrarn +“+€) > 1—e".

Finally, the same results hold for the L1-SVM with offset whenever q > 0.
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Remark 1. The best rates Theorem [[l can guarantee are (up to an ¢) of the form

_ 48(g+1)
n  CarparHI+H) |

and an easy calculation shows that these rates are obtained for the value o :=
4(g+1)

(2¢+pg+4)(1+8)

earlier (and substantially longer) version of [7]. The main difference of Theorem

[ to its predecessors is that it does not require to choose o optimally. Finally
note that unfortunately the optimal « is in terms of both ¢ and 3, which are in
general not accessible. At the moment we are not aware of any method which
can adaptively find the (almost) optimal values for a.

This result has already been announced in [9] and presented in an

Remark 2. In [5] it is assumed that a Bayes classifier is contained in the base
function classes the considered ERM method minimizes over. This assumption
corresponds to a perfect approximation of P by H, i.e. § = 1, as we will see in
the apppendix. If in this case we rescale the complexity exponent p from (0, 2) to
(0,1) and write p’ for the new complexity measure our optimal rate essentially

becomes rf%. Recall that this is exactly the form of Tsybakov’s result in
[B] which is known to be optimal in a minmax sense for some specific classes
of distributions. However, as far as we know our complexity measure cannot be
compared to Tsybakov’s and thus the above reasoning only indicates that our
optimal rates may be optimal in a minmax sense.

Let us finally present an example which shows how the developed theory can
be used to establish learning rates for specific types of kernels and distributions.

Example 1 (SVMs using Sobolev spaces). Let X C R? be the closed unit Euclid-
ian ball, £2 be the centered open ball of radius 3, and W™({2) be the Sobolev
space of order m € N over (2. Recall that W™ (2) is a RKHS of a continuous
kernel if m > d/2 (see e.g. [10]). Let us write H,, := {fix : f € W™ (£2)} for
the restriction of W™ ({2) onto X endowed with the induced RKHS norm. Then
(see again [10]) the RKHS H,, has complexity exponent p := d/m if m > d/2.
Now let P be a distribution on X x Y which has geometric noise exponent
a € (0,00] in the sense of [7], and let k. (z,2') := exp(—o?||x—2'||), z,2’ € 2, be
a Gaussian RBF kernel with associated integral operator T, : La(£2) — L2({2),
where Ly (£2) is with respect to the Lebesgue measure. Then by the results in [7-
Secs. 3 & 4] there exist constants ¢4, ¢q,m,q > 1 such that for all 0 > 0 there exists
an fy € Ly(2) with || foll1,(2) = cac?, Rip(Tofo)ix) — Rip < Caymao ™,
and ||(T6 fo) x| 2, < ca7m7dam*d/2|\fa||,;2(g). This yields a constant ¢ > 0 with

a(N) < C()\02m+d + U_O‘d)

for all ¢ > 0 and all A > 0. Minimizing with respect to ¢ then shows that

H,, approximates P with exponent § := ((14_1")‘%. Consequently we can use

Theorem[Ilto obtain learning rates for SVMs using H,,, for m > d/2. In particular
the resulting optimal rates in the sense of Remark [Tl are (essentially) of the form

4adm(g+1)
Tli (2maqFdq+4m)(2adfd+2m) |
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3 Prerequisites

In this section we recall some important notions and results that we require in
the proof of our main theorem. To this end let H be a RKHS over X that has
a continuous kernel k. Then recall that every f € H is continuous and satisfies

[flloe < K|\ flmr

where we use
K := sup Vk(z,x).
reX

The rest of this section recalls some results from [7] which will be used to
bound the estimation error of L1-SVMs. Before we state these results we have to
recall some notation from [7]: let F be a class of bounded measurable functions
from a set Z to R, and let L : F x Z — [0,00) be a function. We call L a loss
function if Lo f := L(f,.) is measurable for all f € F. Moreover, if F is convex,
we say that L is convex if L(., z) is convex for all z € Z. Finally, L is called line-
continuous if for all z € Z and all f, f € F the function t — L(tf 4+ (1—t)f, z) is
continuous on [0, 1]. Note that if F is a vector space then every convex L is line-
continuous. Now, given a probability measure P on Z we denote by fpr € F a
minimizer of the L-risk

f — RL’p(f) = EZNPL(f, Z)

If P is an empirical measure with respect to T' € Z" we write fr 7 and Ry r(.)
as usual. For simplicity, we assume throughout this section that fpr and fr r
do exist. Also note that although there may exist multiple solutions we use a
single symbol for them whenever no confusion regarding the non-uniqueness of
this symbol can be expected. Furthermore, an algorithm that produces solutions
fr,7 for all possible T is called an empirical L-risk minimizer.

Now the main result of this section, shown in [7], reads as follows:

Theorem 2. Let F be a convex set of bounded measurable functions from Z to
R and let L : F x Z — [0,00) be a convex and line-continuous loss function. For
a probability measure P on Z we define

g = {Lof—LOfp’]: : fEf} (9)

Suppose we have ¢ > 0,0 < a <1, >0 and B > 0 with Epg? < c¢(Epg)® +
and |9l < B for all g € G. Furthermore, assume that G is separable with
respect to ||.||, and that there are constants a > 1 and 0 < p < 2 with

sup logN(Bflg,e,Lg(T)) < ac? (10)
Tezn

for all e > 0. Then there exists a constant ¢, > 0 depending only on a and p
such that for allm > 1 and all x > 1 we have

Pr* (T ISVALE Rva(fTJ:) > ’RL7P(fP7]:) +¢p e(n, B, ¢, 0, :c)) <e ",
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where

2-p

2p 2—p _ 2 P _1 __2_
S(H,B,C, 5,33) := B%—2aFapci—2a+tapn i—2atar + B2§ 4 n” 2 + Bn~ 2+p

Sx\ 3 cx\== Bz
(o) ()
n n n
Let us now recall some variance bounds of the form Epg? < ¢ (Epg)® + 4§ for

SVMs proved in [7]. To this end let H be a RKHS of a continuous kernel over
X, A >0, and [ be the hinge loss function. We define

L(f,@,y) = MIfIE + Uy, f(2)) (11)

and

L(f,b,z,y) = MfIIF +1(y, f(z) +b) (12)
forall fe Hbe R,z € X,andy € Y. Since Ry, r(.) and Rz (., .) coincide with
the objective functions of the L1-SVM formulations we see that the L1-SVMs
actually implement an empirical L-risk minimization in the sense of Theorem
Now the first variance bound from [7] does not require any assumptions on P.

Proposition 1. Let 0 < A < 1, H be a RKHS over X, and F C /\_%BH.
Furthermore, let L be defined by ({Il), P be a probability measure and G be
defined as in [@). Then for all g € G we have

Epg? < 22712+ K)’Epg.

Finally, the following variance bound from [7] shows that the previous bound
can be improved if one assumes a non-trivial Tsybakov exponent for P.

Proposition 2. Let P be a distribution on X XY with Tsybakov noise exponent
0 < q < oo. Then there exists a constant C > 0 such that for all A > 0,
all 0 < r < A7Y2 satisfying fp,)\ € rBy, all f € rBy, and all b € R with
[b] < Kr+ 1 we have

E(L o(f,b)—Lo (.fP,)\,BP,A))z
< C(Kr+ 1) (E(Lo (£,8) = Lo (fpasbpa)) )+ ClKr + 1) arfi (3).

Furthermore, the same result holds for SVMs without offset.

4 Proof of Theorem 1

In this section we prove Theorem [Il To this end we write f(x) < g(x) for two
functions f,g : D — [0,00), D C (0,00), if there exists a constant C > 0 such
that f(z) < Cg(z) holds over some range of x which usually is implicitly defined
by the context. However for sequences this range is always N. Finally we write
f(z) ~ g(x) if both f(z) =< g(z) and g(z) < f(z) for the same range.

Since our variance bounds have different forms for the cases ¢ = 0 and ¢ > 0
we have to prove the theorem for these cases separately. We begin with the case
q = 0 and an important lemma which describes a “shrinking technique”.
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Lemma 1. Let H and P be as in Theorem [d. For v > —f we define A\, :=
1
n~ 6+7 . Now assume that there are constants 0 < p < 8 and C > 1 such that

pr* (T € (X xY)": ||fra,ll < C’x/\?) > 1@

for all n > 1, x > 1. Then there is another constant C > 1 such that for
pi= min{ﬁ, %ﬁ,ﬁ—i—’y} and for alln > 1, x > 1 we have

Pr*(Te(XxY)“;||fT,M||géxA?) > 1 e7.

p p=1
Proof. Let fr x, be a minimizer of Ry on CxA,* By, where L is defined by

(). By our assumption we have fT, = fr.n, with probability not less than
1 —e™% since fr \, is unique for every training set 7' by the strict convexity of
L. We will show that for some C' > 0 and all n > 1, x > 1 the improved bound

I fra ]l < CaAn® (13)

p—1
holds with probability not less than 1 — e~*. Consequently, ||frx, || < CN'x/\ZT
will hold with probability not less than 1 — 2e™". Obviously, the latter implies
the assertion. In order to establish (I3]) we will apply Theorem [2 to the mod-
ified L1-SVM classifier that produces fT, A, To this end we first observe that
the separability condition of Theorem [J is satisfied since H is separable and
continuously embedded into C(X). Furthermore it was shown in [7] that the
covering number condition holds and by Proposition [I] we may choose ¢ such
that ¢ ~ 2\, !, and § = 0. Additionally, we can obviously choose B ~ AP/,
The term e(n, B, ¢, d,x) in Theorem [ can then be estimated by

(p=)p _ 2—p 2 p—1 2
e(n, B,c,6,x) < xA 7 Ny TP T 4 22N\, 2 0T T 4o inT !

9 pptfﬁ+27 2.8
<\, 7 42\

Now for p < 8+ v we have "+g+7 < pp‘ff:%, and hence we obtain

B+~

e(n, B,c,0,x) <%\, 7 4 22\0+7,
Furthermore, if p > § + v we have both §+ v < % and B+ v < M%,
and thus we again find

p+B+y
e(n,B,c,0,x) =X x2)\§+7 ~ x2)\§+7 + 2%\, ?

Now, in both cases Theorem [ gives a constant C; > 0 independent of n and
such that for all n > 1 and all x > 1 the estimate
+

Ml fron 12 < Mllfran I+ Rip(fra,) — Rip
~ ~ ~ P ~
<Mallfea 2+ Rip(fra,) — Rip 4+ Crah, 7 +C1a? X\
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holds with probability not less than 1 — e~*. Furthermore, by Theorem [ we
obtain || fpa, | < A2 < opAP/? for large n which gives fpx, = fpa,
for such n. With probability not less than 1 — e™® we hence have

A~ +
Al fro 1? < Anllfea +R1P(fPAn) Rip + Cr2” AT+ ? NI+
B+~
<GB+ CizPhn 7 +C1a2APHY

for some constants C;,Cs > 0 independent of n and x. From this we easily
obtain that (I3]) holds for all n > 1 with probability not less than 1 —e™*. O

Proof (of Theorem [0l for ¢ =0). We first observe that there exists a v > —f
with a = %. We fix this v and define pg := 0 and p;41 =

min{ﬁ, %, 8+ 7}. Then it is easy to check that this definition gives

pi=min{B,(8+7) Y27 B+ =minfA, (8 + 1)1 -27}.

Now, iteratively applying Lemma [2] gives a sequence of constants C; > 0 with
Pzl
Pr* (T € (X X Y)": ||fra, || < CizAn? ) > 1-—¢® (14)

for all n > 1 and all x > 1. Let us first consider the case —3 < v < 0. Then we
have p; = (8 +7)(1 —27%), and hence (I4)) shows that for all € > 0 there exists
a constant C' > 0 such that

(1—e)(B4+v)—1
)

pr* (T (X X Y)": | fra, |l < Oz > 1-e®

foralln > 1 and all x > 1. We write p := (1 E)(ﬁ—i—v) As in the proof of Lemma

[ we denote a minimizer of Ry 1 on CxA By by fT)\ We have just seen
that fT’ r. = fr,n, with probability not less than 1 — e™*. Therefore, we only
have to apply Theorem [2] to the modified optimization problem which defines
fT7 A, - To this end we first see as in the proof of Lemma [I] that

9 pp+2B8+2y 9 9 ppt+28+2y 9
e(n,B,c,6,x) =< A, " +z )\2'*'"Y < x°\, TP <z )\ff”—a,

where in the last two estimates we used the definition of p. Furthermore, we have
already seen in the proof of Lemma [I] that )\anp,)\n % + RZ’P(fAP’)\n) —Rip <
a(A,) holds for large n. Therefore, applying Theorem [l and an inequality of
Zhang (see [1I]) between the excess classification risk and the excess l-risk we
find that for all n > 1 we have with probability not less than 1 — e™%:

Rp(fra.) — Re < 2\l froa 2 + 2R p(froa,) — 2Rup
<22l frn 12+ 2R p(fra,) — 2R p + Cra? AT =2
< CoAE, (15)
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where Cy,Cs > 0 are constants independent of n and z. Now, from @) we
easily deduce the assertion using the definition of A\,, and ~.

Let us finally consider the case v > 0. Then for large integers i we have
pi = 3, and hence ([[4) gives a C' > 0 such that for all n > 1, z > 1 we have

B—1
Pr*(TE(XxY)":HfT?AanCx)\nQ ) > 1—e®.

pPB+28+2y
Proceeding as for v < 0 we get e(n, B,c,0,x) < 2?2\, 277+ 22\ <2208
from which we easily obtain the assertion using the definition of A, and v. O

In the rest of this section we will prove Theorem [ for ¢ > 0. We begin with
a lemma which is similar to Lemma [Tl

Lemma 2. Let H and P be as in Theorem [1 For v > —f we define \,

___ 4e+hH .
n~ @m0 . Now assume that there are p€l0,8) and C > 1 with

-1
Pro(T e (X xY)": [l fra ]l € Cara® ) = 1—e7

for allm > 1 and all x > 1. Then there is another constant C > 1 such that for
pi= min{ﬂ, p+g+7} and for allm > 1, x > 1 we have

~ b=l
Pr* (T (X xY)": [fra,ll < Caan? ) > 1-—e".

The same result holds for L1-SVM’s with offset.

Proof. For brevity’s sake we only prove this Lemma for L1-SVM’s with offset.
The proof for L1-SVM’s without offset is almost identical.
Now, let L be defined by (I2)). Analogously to the proof of Lemma[llwe denote

a minimizer of Rp r(.,.) on Czn a (Bg x [-K —1,K + 1)) by (frx,,bra,).

71
By our assumption (see [7]) we have by, | < C’x/\pT(K + 1) with probability
not less than 1 —e™* for all possible values of the offset. In addition, for such
training sets we have fT \, = fT x,, since the RKHS component fT a,, of L1-SVM
solutions is unique for T by the strlct convexity of L in f. Furthermore by the
above considerations we may define bT A, = br,, for such training sets. As in
the proof of Lemma[Ilit now suffices to show the existence of a C' > 0 such that

2 M =
| fra, |l < CzAn? with probability not less than 1 — e~*. To this end we first
observe by Proposition [2 that we may choose B, ¢ and ¢ such that

wa)\ , c~x+)\n , and 0 ~ zaF )\,

Some calculations then show that e(n, B, ¢, d, ) in Theorem 2] satisfies

o 5+,y 5 (p+B+7)(2a+pg+4)+2B89(2—p)

6(7’7,, B,c, (5, :17) =< 2132/\ + 22\, 8(q+1)
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Furthermore observe that we have p < B — «v if and only if p+ G+ <

(p+5+'y)(QQLZT;‘)W‘QB‘I(Q_”). Now let us first consider the case p < 3 — ~. Then

the above considerations show

9 p+B+ty
e(n,a,B,c,0,x) =X x°\, ®

. pEB+y X
Furthermore, we obviously have M < )\, 7 . As in the proof of Lemma [ we
hence find a constant C' > 0 such that for all x > 1, n > 1 we have

pt+B+y
2

Az, I? < Ca?Ay

with probability not less than 1 — e™. On the other hand if p > § — + we have

9 (p+B+7)(2q¢+pa+4)+2Bq(2—p) 9
8(q+1
e(n,a,B,c,8,z) < "\, (ath) < 22\,

so that we get A||fr.a, |2 < Cz2)\? in the above sense. O

n |

Proof (of Theorem[ for ¢ > 0). By using Lemma [2] the proof in the case ¢ > 0
is completely analogous to the case ¢ = 0. a
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Appendix

Throughout this section P denotes a Borel probability measure on X x Y and
H denotes a RKHS of continuous functions over X. We use the shorthand || - ||
for || - ||z when no confusion should arise. Unlike in the other sections of this
paper, here L denotes an arbitrary convex loss function, that is, a continuous
function L : Y x R — [0,00) convex in its second variable. The corresponding
L-risk Rz p(f) of a function f: X — R and its minimal value Ry p are defined
in the obvious way. For simplicity we also assume Ry p(0) = 1. Note that all
the requirements are met by the hinge loss function. Furthermore, let us define
fp by replacing Ry p by Ry p in ([{). In addition we write

fin = argmin{ | f]: feapmin, Rip (1} (16)

Of course, we need to prove the existence and uniqueness of f7 , which is done
in the following lemma.

Lemma 3. Under the above assumptions fp , is well defined.

Proof. Let us first show that there exists an f’ € A\~Y/2By which minimizes
Rr.p(.) in A™Y2Bg. To that end consider a sequence (f,) in A™*/2Bg such
that Rz p(fn) — infjs<x-1/2 Re,p(f). By the Eberlein-Smulyan theorem we
can assume without loss of generality that there exists an f* with || f*|| < \~%/2
and f,, — f* weakly. Using the fact that weak convergence in RKHS’s imply

pointwise convergence, Lebesgue’s theorem and the continuity of L then give

R, p(fn) = Re,p(f").

Hence there is a minimizer of Ry p(.) in %BH, i.e. we have

{f fEar”g}Iﬁnn RLp(f)} £0.

We now show that there is exactly one f* € A having minimal norm.

Existence: Let (f,) C A with || f,|| — inffea || f|| for n — oo. Like in the proof
establishing A # (), we can show that there exists an f* € A with f, — f*
weakly, and R p(fn) — Rr,p(f*). This shows f* € A. Furthermore, by the
weak convergence we always have

“I| < liminf || f,|| = inf || f]|.
77 < lim inf || £o ] = inf [ £]

Uniqueness: Suppose we have two such elements f and g with f # g. By convex-
ity we find 1(f + g) € arg mmeH< 1 Ry p(f). However, |||z is strictly convex

which gives [|3(f + g)| < [If]- o
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In the following we will define the approximation error and the approximation
error function for general L. In order to also treat non-universal kernels we first
denote the minimal L-risk of functions in H by

Rr.po = flgg Rer.p(f)-

Furthermore, we say that f € H minimizes the L-risk in Hif Ry p(f) = Rr.p.u-
Note that if such a minimizer exists then by Lemma [B] there actually exists a
unique element f7 p ; € H minimizing the L-risk in H with [|f7 p g|| < [ f|| for
all f € H minimizing the L risk in H. Moreover we have ||fp x|l < ||f7 p gll for
all A > 0 since otherwise we find a contradiction by

ML pal® +Rop(fipm) < Alfeal® + Rop(fra)-

Now, for A > 0 we write

a(A) == M| fpall> + Re.p(frr) — Rep (17)
a*(\) :==Rr,p(fpr) —Rr,pH- (18)

Recall, that for universal kernels and the hinge loss function we have
Ri.pa = Rrp (see [§]), and hence in this case a(.) equals the approxima-
tion error function defined in Section 21 Furthermore, for these kernels, a*(A) is
the “classical” approximation error of the hypothesis class A='/2Bg. Our first
theorem shows how to compare a(.) and a*(.).

Theorem 3. With the above notations we have a(0) = a*(0) = 0. Furthermore,
a*(.) is increasing, and a(.) is increasing, concave, and continuous. In addition,
we have

a*(A) <a(A) for all X > 0,
and for any h : (0,00) — (0,00) with a*(A) < h(\) for all X > 0, we have

a(AR(N)) < 2R(N) for all X > 0.

Proof. Tt is clear from the definitions (I7) and ([I8) that a(0) = a*(0) = 0 and
a*(.) is increasing. Since a(.) is an infimum over a family of linear increasing
functions of A it follows that a(.) is also concave and increasing. Consequently
a(.) is continuous for A > 0 (see [IZ-Thm. 10.1]), and continuity at 0 follows
from the proof of [§-Prop. 3.2]. To prove the second assertion, observe that
lfexl? < 1/X implies RLyp(f;,’/\) <R p(fpx) for all A > 0 and hence we find

a*(\) < a() for all A > 0. Now let \ := (M) f5.lI72. Then we obtain

5\||fP,Z\H2 +Re,p(fpz) < 5\||J"1T‘>7,\H2 +Re.p(fp) < ;\||f1*37/\||2 +Rr.pu +h(N)
<Rr.pu+2h(N).

This shows a()\) < 2h()\). Furthermore we have Ah(\) < [f5Al72h(N) = A and
thus the assertion follows since a(.) is an increasing function. O
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Our next goal is to show how the asymptotic behaviour of a(.), a*(.) and A —
Ifp.a]l are related to each other. Let us begin with a lemma that characterizes
the existence of f} p € H in terms of the function A — [|fp .

Lemma 4. The minimizer f] py € H of the L-risk in H exists if and only
if there exists a constant ¢ > 0 with ||fpa| < ¢ for all X > 0. In this case we
additionally have limy o+ | fpx — f7 pglln = 0.

Proof. Let us first assume that f; p € H exists. Then we have already seen
I fexll < (17 p#l for all A > 0, so that it remains to show the convergence. To
this end let (\,) be a positive sequence converging to 0. By the boundedness of
(fP.,) there then exists an f* € H and a subsequence (fp,. ) with fpy, — f~
weakly. This implies Rr p(fpa,,) — Rir,p(f*) as in the proof of Lemma [3l
Furthermore, we always have Ay, | fpx,, |2 — 0 and thus

Repm = im Al fea,, I+ Re.p(fra,,) = Rep(f*), (19)

where the first equality can be shown as in [§] for universal kernels. In other
words f* minimizes the L-risk in H and hence we have

S WL pull < 7)< tmnt{|fps, |
J—00

1 fP o,

for all i > 1. This shows both |fp, | — [If*[| and [[f7 pxll = [If*|, and
consequently we find f7 p y = f* by (@). In addition an easy calculation gives

£ n, =12 = I, P =20 pons, s £ = 1P =20 1P+ = 0.

Now assume that fp, 7 ] p - Then there exists a > 0 and a subsequence
(fp)\nj) with ||fp7)\nj - fszH > 4. On the other hand applying the above
reasoning to this subsequence gives a sub-subsequence converging to f; p 5 and
hence we have found a contradiction.

Let us now assume || fp| < ¢ for some ¢ > 0 and all A > 0. Then there
exists an f* € H and a sequence (fp,) with fp, — f* weakly. As in the first
part of the proof we easily see that f* minimizes the L-risk in H. a

Note that if H is a universal kernel, i.e. it is dense in C'(X), P is an empirical
distribution based on a training set 7', and L is the (squared) hinge loss func-
tion then f; ; ; € H exists and coincides with the hard margin SVM solution.
Consequently, the above lemma shows that both the L1-SVM and the L2-SVM
solutions fr » converge to the hard margin solution if 7" is fized and A — 0.

The following lemma which shows that the function fp ) minimizes Ry, p(.)
over the ball || fp||By is somewhat well-known:

Lemma 5. Let A > 0 and v := 1/||fpl|>. Then we have Ib~ = IPa

Proof. We first show that fp minimizes Ry, p(.) over the ball ||fp||Bu. To
this end assume the converse RLyp(f;W) < Rp,p(fpy). Since we also have
/541l <1/y/7 = [[fpall we then find the false inequality

MNP +Rep(fb,) < Afeal® +Rep(fra), (20)
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and consequently fp minimizes Ry p(.) over |fpa||Bu. Now assume that

fex # fpq e |[fpall > 5, Since R p(fp.) = Ri,p(fpa) we then again
find (20) and hence the assumption fp\ # fp., must be false. ad

Let us now turn to the main theorem of this section which describes asymp-
totic relationships between the approximation error, the approximation error
function, and the function A — || fp |-

Theorem 4. The function A — | fpal|l is bounded on (0,00) if and only if
a(A\) = X and in this case we also have a(\) ~ A. Moreover for all « > 0 we have

a*(\) =AY ifand only if  a()) < A

1
A"+ and

MY for some

If one of the estimates is true we additionally have | fpx|>
Re.p(fpa) — Ropm = A=, Furthermore, if A < a*())
a >0 and € > 0 then we have both

=
=

ATEFHED < [ fpal? 2 ATTT and ASH < Re.p(fpa) — Rpp = A,
and hence in particular AaF < a(X\) < Aatt.

Theorem [l shows that if a*(\) behaves essentially like A* then the approxima-
tion error function behaves essentially like A\=+T. Consequently we do not loose
information when considering a(.) instead of the approximation error a*(.).

Proof (of Theorem[f). If A — || fp x| is bounded on (0, 00) the minimizer f} p g
exists by Lemma [4] and hence we find

a(A) < )‘Hfz,P,HHQ+RL,P(fz,P,H) —Rrpu = Allfi,p,HIIQ-

Conversely, if there exists a constant ¢ > 0 with a(\) < ¢ we find A fpal]? <
a(A) < e which shows || fpa|l < +/c for all A > 0. Moreover by Theorem [B] we
easily find Aa(1) < a(A) for all A > 0.

For the rest of the proof we observe that Theorem [ gives a(A) < a(c)) <
ca(A) for A > 0 and ¢ > 1, and ca(N) < a(eX) < a(A) for A >0and 0 < ¢ < 1.
Therefore we can ignore arising constants by using the “<”-notation.

Now let us assume a*(A) < A% for some « > 0. Then from Theorem [B] we
know a(A'T®) < A% which leads to a(\) < Aa+1. The latter immediately implies
I fpall? = A Conversely, if a(\) = A&+ we define vy := | fpal~2. By
Lemma [0l we then obtain

a*(y) = Rop(fra) —Ropua < a(d) < Aot =< |fpal 2% = v*.

Now, if ff p does not exists then the function A — | fpx[~? tends to 0 if
A — 0 and thus a*(\) < A% In addition, if f7 p 5 exists the assertion is trivial.

For the third assertion recall that Lemma [l states fpx = fp ., with v :=
|| fp.al|~2 and hence we find

a(A) = Alfeall® +a* (Ifpall2) - (21)
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1
Furthermore, we have already seen || fp ||~ = A=+T, and hence we get

et = Rpp(fra) —Rep = a*(|feall™2) = [[feal 7209 = ASHT

Combining this with (21) yields the third assertion.
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